Friedrichs-and Poincaré-type inequalities are important and widely used in the area of partial differential equations and numerical analysis. Most of their proofs appearing in references are the argument of reduction to absurdity. In this paper, we give direct proofs of Friedrichs-type inequalities in H 1 (Ω) and Poincaré-type inequalities in some subspaces of W 1,p (Ω). The dependencies of the inequality coefficients on the domain Ω and some sub-domains are illustrated explicitly.  2004 Elsevier Inc. All rights reserved.
Introduction
Friedrichs-type inequalities and Poincaré-type inequalities are very important tools and widely used in the area of partial differential equations and numerical analysis. They are frequently used in proving the existence of the solution of partial differential equation and in finite element error estimates. These inequalities ensure that the solution is in a more suitable space from a numerical viewpoint than the solution space itself. Most proofs of them in references are by reduction to absurdity [1, 3, 6] . The method of reduction to absurdity produces an controlling constant depending on the domain implicitly. It is not convenient in application to numerical analysis.
J.C. Nédélec [4] proved directly the Poincaré inequality for functions in H 1 0 (Ω). S. Chen et al. [2] , A. Ženišek, and M. Vanmaele [5] proved the Friedrichs inequality for quadrilateral domains. To the best of our knowledge, we have not found other direct proofs for Friedrichs-or Poincaré-type inequalities. Nearly all existing proofs are by reduction to absurdity. In this paper, we are going to prove these inequalities by a direct argument. The constraints which ensure these inequalities on W 1,p (Ω) vary from body constraints to boundary constraints.
Let A ∈ R n , we denote the closed ball of radius R and centering at A by B(A, R). B(0, 1) is the unit ball centering at the origin. Denote r = n i=1 x 2 i . We define the following exterior cutoff function ϕ ∈ C ∞ (R n ):
Let Ω ⊂ R n be a bounded and connected open domain. For any multiple index α
We assume p > 1 throughout this paper. The usual Sobolev space W m,p (Ω) is defined as
It is equipped with the following norm and semi-norm:
We also define L p (Ω) := W 0,p (Ω) for convenience. In the rest of this paper, we only concern the results in L p (Ω) and W 1,p (Ω).
Let ω be a sub-domain of Ω with positive measure. Define the following function spaces as
Denote the diameter of Ω by d Ω , the radius of the largest inscribed sphere in Ω as r Ω . Hence d Ω 2r Ω .
The rest of the paper is arranged as follows. In Section 2, Poincaré-type inequalities are proved for functions in W 1,p (Ω) which vanish on the boundary ∂Ω or in ω. In Section 3, Friedrichs-type inequalities are proved in W 1,p (Ω) with respect to two integral functionals.
Poincaré-type inequalities
In the rest of the paper, we will make use of the cutoff function ϕ A,R to prove our main results. The following lemma is easy to prove by direct calculations and the scaling technique.
3)
where C 0 := ∇ϕ 0,1 0,∞,B(0,1) .
Lemma 2.2. For any v ∈ W
1,p
B(0,ρ) (B(0, R)), the following estimate is true:
where r > ρ, n = 2 or 3 is the dimension of B(0, R), and
For convenience, we only give the proof in the case of n = 2 here. The case of n = 3 can be proved by similar argument. Since v vanishes in B(0, ρ), we have
(2.7)
If p = 2, by the formula of integration by part, we have, 
We complete the proof. 2
Theorem 2.3.
Let Ω ⊂ R n (n = 2, 3) be a bounded domain, the measure of ω ⊂ Ω be positive, and 
(2.13)
It gives the explicit dependence of the constant C on Ω and ω. An interesting result is that both (2.5) and (2.12) are independent of ρ = r ω when p > n. In fact, since Assume Ω, Ω 1 , Ω 2 ⊂ R n and Ω 1 ⊂ Ω; define 
17)
where for i = 1, . . . , M, r i is the radius of B i , and all coefficients are defined to be
18)
of Ω. A similar argument to the proof of [4, Lemma 2.5.5, p. 57 ], shows the following theorem.
Theorem 2.11. Let 1 < p < ∞, then the following inequality is true:
Friedrichs-type inequalities
In this section, we give some direct demonstrations for Friedrichs-type inequalities in H 1 (Ω). Since the extension of our proof is not straightforward, it becomes very tedious in the case of W 1,p (Ω) for general 1 < p < ∞. We restrict our analysis to p = 2 because of its extensive applications in numerical analysis. The following definition is needed first. 
where |Ω| is the measure of Ω.
Proof. Without loss of generality, we assume that Ω is N -point connected with respect to 
where A 0 = x and A N +1 = y. Integrating both sides of (3.2) over x and y on Ω, we have
Hence we obtain (3.1) by (3.3). 2
Remark 3.3. The finite-point connection constant N in Theorem 3.2 is very small for many domains. Obviously, N = 1 for convex domains. Hence we obtain the following improved result for convex domains. Substituting (3.9) into (3.7) and (3.8) leads to (3.5) and (3.6). 2
